Abstract-We present a uniformly globally exponentially stable hybrid angular velocity observer for rigid body systems designed directly on SO(3) × R 3 . The global exponential stability result makes this observer a good candidate for a controller-observer combination with a guaranteed separation property. Simulation results are provided to demonstrate the effectiveness of the proposed hybrid observer as a part of an attitude stabilization scheme.
I. INTRODUCTION
Velocity-free attitude control schemes are of a great importance in practical applications relying on expensive and prone-to-failure gyroscopes. For safety reasons, they may also be useful as backup schemes triggered by gyro failure. Two main velocity-free attitude control approaches have been considered in the literature: The observer-free output feedback approach and the observer-based state feedback approach. The first approach does not rely (directly) on the estimation of the angular velocity, but rather, makes use of some appropriate filters to generate the necessary damping from the measured orientation (see, for instance, [1] - [4] ). As it is well established in the literature, time-invariant smooth attitude control schemes lead (at best) to almost global stability. Recently, hybrid techniques have shown their potential in globalizing the previously developed almost global attitude control schemes through an appropriate switching mechanism between controllers derived from a family of synergistic potential functions [6] - [10] . For instance, the quaternion-based approach in [3] has been exploited in [7] , [9] , [10] to derive a velocity-free hybrid attitude control scheme guaranteeing global asymptotic stability.
The second velocity-free attitude control approach relies on a combined observer-controller structure where the angular velocity is first estimated and then used in the controller to provide the necessary damping for the closed loop system. This approach (that has been widely used in an intuitive manner) faces two major challenges. First, designing a full state attitude observer is complicated by the fact that the attitude dynamics system is nonlinear and evolves on a nonEuclidean space (SO(3)×R 3 ). The other challenge is the fact that, in general, no separation property holds for nonlinear systems and therefore the closed-loop system stability is difficult to prove locally and/or globally. In this direction, Salcudean et al. [11] proposed an angular velocity observer based on extensions of the classic Luenberger observer for a second-order system. This quaternion-based observer was shown to be globally convergent but the observer-controller system stability was only conjectured. In [12] , a semiglobally asymptotically stable angular velocity observer has been proposed using the three angles representation of the attitude. An observer-based output-feedback control scheme, guaranteeing local exponential stability, has been proposed in [13] . In [14] , the authors proposed a quaternion-based hybrid attitude tracking controller using a switching observer to recover the angular velocity signal. Asymptotic stability has been shown for all initial conditions inside a compact set that can be arbitrarily enlarged by increasing the gains.
To overcome the limitations in [14] , a different observerbased attitude controller has been proposed in [15] , relying only on quaternion measurements, and dynamic scaling is used to guarantee asymptotic stability of the combined system for any initial conditions in the quaternion space. In [16] , a separation property was shown to hold when combining a smooth full-state observer and a proportionalderivative type attitude control law using quaternion measurements. The approach in [16] was shown to ensure almost global asymptotic stability of the closed-loop dynamics using Lyapunov analysis. Recently, instead of unit-quaternion, the authors in [17] proposed an angular velocity observer design directly on SO(3) × R 3 , and almost global stability was shown. Angular velocity observers relying only on available vector measurements have been recently investigated in, for instance, [18] , [19] to remove for the need of attitude reconstruction and/or estimation.
To the best of our knowledge, the design of angular velocity observers directly on SO(3) × R 3 with guaranteed global exponential (or even global asymptotic) stability is an open problem. In the present paper, we propose a solution to this problem via a synergistic hybrid design approach on SO(3) leading to global exponential stability results.
II. BACKGROUND

A. Notations
Throughout the paper, we use R, R + and N to denote, respectively, the sets of real, nonnegative real and natural numbers. We denote by R n the n-dimensional Euclidean space and by S n the unit n-sphere embedded in R n+1 . We use x to denote the Euclidean norm of a vector x ∈ R n . For matrices A, B ∈ R m×n , the inner product is defined as A, B = tr(A ⊤ B), and the Frobenius norm of A is A F = A, A .
B. Hybrid systems framework
In this paper, we make use of the recent framework for dynamical hybrid systems [20] , [21] . The closed loop system falls into the following particular form of hybrid systems: 
where dom h is a hybrid time domain and, for each fixed j, t → h(t, j) is a locally absolutely continuous function on the interval
C. Attitude Representation
The rigid body attitude evolves on the special orthogonal group SO(3) := {R ∈ R 3×3 | det(R) = 1, RR ⊤ = I}, where I is the three-dimensional identity matrix and R ∈ SO(3) is called a rotation matrix. The group SO(3) has a compact manifold structure with its tangent spaces being identified by T R SO(3) := {RΩ | Ω ∈ so(3)} , where the Lie algebra of SO(3), denoted by so(3) := Ω ∈ R 3×3 | Ω ⊤ = −Ω , is the vector space of 3-by-3 skew-symmetric matrices. The inner product on R 3×3 , when restricted to the Lie algebra of SO(3), defines the following left-invariant Riemannian metric on SO(3)
for all R ∈ SO (3) and
and [vex(Ω)] × = Ω, for all Ω ∈ so(3). The composition map ψ := vex • P a extends the definition of vex to R 3×3 , where P a : R 3×3 → so (3) is the projection map on the Lie algebra so(3) such that P a (A) :
The attitude of a rigid body can also be represented as a rotation of angle θ ∈ R around a unit-vector axis u ∈ S 2 . This is commonly known as the angle-axis parametrization of SO (3) and is given by the map R a :
For any attitude matrix R ∈ SO(3), we define |R| I ∈ [0, 1] as the normalized Euclidean distance on SO(3) which is given by
III. PROBLEM STATEMENT
The attitude dynamics of a rigid body is given bẏ
where R ∈ SO(3) represents the orientation of the bodyfixed frame B relative to the inertial frame I, ω ∈ R 3 is the angular velocity of the body-frame B with respect to the inertial frame I expressed in B, J ∈ R 3×3 is the constant symmetric positive definite inertia matrix of the rigid body with respect to B, and τ ∈ R 3 is the input torque expressed in B.
Our objective in this work is to design a dynamic system that provides the estimates of the angular velocity of the rigid body using measurements of the rotation matrix R and the input τ . More precisely, we propose a full-state hybrid observer for system (6) that ensures global exponential stability of the observation errors.
IV. TECHNICAL LEMMAS
Before presenting a solution to the problem formulated above, we give in this section two technical lemmas that will be instrumental in forthcoming analysis. The proofs of these lemmas are omitted in this paper due to space limitation.
For a positive constant ρ > 0, we define the map g ρ : SO(3)×Q → R 3 and the transformation Γ ρ : SO(3)×Q → SO(3), with Q := {1, 2, . . . , 6} ⊂ N being a finite index set, such that
for some X ∈ SO(3), where u 3+p = −u p for p = 1, 2, 3 and {u 1 , u 2 , u 3 } forms an orthonormal basis. Also, for a given δ ≥ 0, we define
Then, the following result is valid.
Lemma 1: Consider the above defined functions g ρ (X, q) and Γ ρ (X, q) for X ∈ SO(3) and q ∈ Q, where the discrete variable q is generated by the following hybrid mechanism
Suppose that ρ < 1/ √ 2 and
Then: i) For the positive function U(X, q) :
where ∇U(X, q) ∈ T R SO(3) denotes the gradient of U, with respect to X, relative to the Riemannian metric (2). ii) There exist strictly positive scalars α 1 , α 2 such that:
iii) For all (X, q) ∈ C ρ,δ , there exist strictly positive scalars α 3 , α 4 such that:
Note that the functions g ρ (X, q) and Γ ρ (X, q) are well defined as per the choice of the parameters ρ and δ in Lemma 1. In fact, since |X|
The next lemma presents some properties of the map ψ defined in Section II-C.
Lemma 2: Consider the rotation matrix R ∈ SO(3) satisfyingṘ = R[ω] × , for some ω(t) ∈ R 3 . Then the following hold:
where
V. MAIN RESULT
In this section, we present our main result which consists of a full-state hybrid attitude and angular velocity observer. Consider the following dynamic systeṁ
where γ R , γ ω are strictly positive scalar gains,R andω denote, respectively, the estimates of R and ω, the function g ρo (R o , q o ) is defined as in (7)- (9) with q o ∈ Q = {1, . . . , 6} being generated by the following hybrid mechanism
and the sets C ρo ,δo and D ρo,δo are defined as in (10) and (11), respectively.
In (20)- (21), the matrixR o denotes the attitude observation error defined byR o :=R ⊤ R which, in view of (6) and the fact that
× for all X ∈ SO(3) and v ∈ R 3 , can be shown to satisfẏ
whereω o denotes the angular velocity error and is given bỹ
Now, we can state the following theorem (main result). Theorem 1: Consider the dynamic system (6) coupled with the hybrid observer (20)- (22) with (7)- (9) . Suppose that the angular velocity ω(t) is uniformly bounded by c ω = sup t≥0 ω(t) . Let the parameters ρ o and δ o , related to the function g ρo (R o , q o ) and the sets C ρo,δo and D ρo,δo , be selected such that
, where ∆(·) is defined in (13) . Then, the equilibrium pointẽ o = 0, wherẽ
⊤ , is uniformly globally exponentially stable.
Before addressing the proof of Theorem 1 some remarks are in order. The dynamic equations (20)- (21) governing the flows of the proposed hybrid observer share a similar structure with the smooth angular velocity observer proposed in [16] using quaternion measurements. Our proposed observer uses attitude information on SO(3) instead and global exponential stability result is obtained by including a hybrid correction term that switches between synergistic attitude error functions. It is also worth pointing out that setting ρ o = 0 in (20)- (21) yieldsq o = 0 for all time, which results in a smooth observer since the observer state remains in the flow set. However, only an almost global asymptotic stability result can be shown in this case.
Proof: Using (6) with (21) and (23), the dynamical equation ofω o in (24) is obtained as
which is skew symmetric since J = J ⊤ (> 0).
Let us first show thatω o is uniformly bounded. Consider the following positive-definite function
whose time-derivative along (23) and (25), for all (R o , q o ) ∈ C ρo,δo , is given bẏ
where we used item i) in Lemma 1 and the relation
which holds for all X ∈ SO(3), u, v ∈ R 3 . Therefore, V o is non-increasing along the flows of C ρo,δo .
In addition, for all (R o , q) ∈ D ρo,δo and s ∈ arg min p∈Q |Γ ρo (R o , p)| 2 I , one obtains
It follows that V o is strictly decreasing over the jump set D ρo,δo which implies that the set A = {R o = I, q ∈ Q,ω o = 0} is stable by [22, Theorem 7.6] . Thus, the angular velocity errorω o is uniformly bounded.
, and define the cross term
In view of (25), one has
where J andJ denote, respectively, the smallest and largest eigenvalues of J. Consequently, the time derivative of X along the trajectories of (23)-(25) is given bẏ
where relations (17)- (19) in Lemma 2 have been used. Now, consider the Lyapunov function candidate
for some scalar c > 0 and V o is given in (26). Using the results in Lemma 1 and Lemma 2, one can show that
Moreover, in view of (15) with (27) and (29), one obtainṡ V ≤ −ẽ ⊤ o P 3ẽo where the matrix P 3 is defined as
with
It can be verified that matrices P 1 , P 2 , P 3 are positive definite provided that
Therefore, there exists
Since V is quadratic with respect toẽ o , it follows that the error vectorẽ o is exponentially decreasing along the flows of C ρo,δo .
Moreover, in view of (28) and the fact that V o is bounded, there exists
. Using the fact that V o is also quadratic with respect toẽ o , one concludes thatẽ o is also exponentially decreasing during the jumps of D ρo,δo .
VI. ON THE SEPARATION PRINCIPLE
In this section we briefly demonstrate the effectiveness of our proposed angular velocity observer when combined with an attitude stabilizations scheme. Consider the following PDlike feedback
which can be shown to guarantee almost global asymptotic stability using the following Lyapunov function
Now, instead of ω in (33), let us employω generated by the hybrid observer of section V such that
To show that the combined observer-controller structure can still achieve asymptotic stabilization of the attitude, we consider the following composite Lyapunov function candidate
where µ > 0 is some parameter used for analysis purpose only. It can be shown that the controller (35) guarantees boundedness of ω provided thatω is generated by the hybrid observer of Section V. This is necessary for the results of Theorem 1 to hold. Moreover, the time derivative of W along the flows of C ρo,δo satisfieṡ
where we used the fact that P 3 is positive define which implies that there exists β > 0 such that P 3 > βI. If µ is selected such that
Moreover, since L does not depend on jumps, the function W is strictly decreasing over the jumps of D ρo,δo owing to the fact that V is decreasing as well. It can be shown using the extension of the invariance principle to hybrid systems [22] that all signals ω,ω o and |R o | I converge to zero as t goes to infinity. Moreover, in view of (35) one concludes that ψ(R) = 0 which shows that |R| I converges to zero from almost all initial conditions.
VII. SIMULATION RESULTS
To validate our results, we consider the rigid body dynamics (6) with J = diag(1, 2, 1) and initial conditions R(0) = R a (2π/3, e 3 ), ω(0) = [1, −1, 0.6] ⊤ , and e 3 = (0, 0, 1) ⊤ . We implement the proposed angular velocity observer (20)- (22) For the input torque in (21), we consider the following PD-type stabilizing algorithm
with k 1 = 0.5 and k 2 = 1. Note that our purpose in this section is to show the performance of the proposed full-state observer, and the torque input in (37) is selected, among different other choices, only for illustration. For comparison purposes, we also implement the proposed observer with the PD-type controller using the actual angular velocity of the rigid body, i.e., τ = κ(R, ω).
The obtained results are illustrated in Figures 1-2 , where we plot the time evolution of the attitude estimation error |R o | 2 I and the angular velocity estimation error ω o in the two above described cases of the input torque. The convergence of the observed states to the actual systems' states can be deduced from these figures. In addition, we show in Figure 3 the convergence to zero of the attitude error |R| 2 I , in both cases, which demonstrates the effectiveness of our velocity observer combined with an attitude stabilization scheme. To show the switching mechanism of the proposed scheme, we plot in Figure 4 the switching variable q o , where it can be seen that the hybrid observer has switched only one time (at the start of the simulation) from the configuration q o = 2 to the configuration q o = 6 where it remains for all subsequent times.
VIII. CONCLUSION
We have presented a hybrid angular velocity observer for the attitude dynamics. It is shown that the proposed fullstate observer, evolving on SO(3) × R 3 , guarantees uniform global exponential stability of the estimation error. To the best of the authors' knowledge, there is no angular velocity observer in the literature ensuring a similar result using attitude measurements on SO(3). The proposed observer has been successfully used in a velocity-free attitude stabilization scheme, as illustrated in the simulation results. The proposed nonlinear hybrid estimation scheme is model-based as it depends on the knowledge of the rigid body's inertia matrix J. The study of the performance of the proposed observer in the presence of uncertainties in the system model is an interesting problem for future research. 
